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Laminar  flow o f  a l iquid in a channe l  o f  a rb i t ra ry  shape  is e x a m i n e d  

with a c c o u n t  for i n t e r ac t i on  o f  the  boundary  l ayer  with the core .  A 

s imple  a p p r o x i m a t e  me thod  is descr ibed for c a l c u l a t i n g  the  boundary  

l aye r  in a channe l  ~r a rb i t ra ry  gene ra to r .  

inc l ined  at an angle  0 / 2  to the axis ,  we have 

dp dp {-) Op O 
sin COS ---- . 
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In t eg ra l  methods  p e r m i t  a quite s imp le  ca lcu la t ion  
of the boundary  l a y e r  in the c a s e  of the e x t e r n a l  p r o b -  
l em (flow ove r  a body).  In p r i nc ip l e ,  t h e s e  methods  
m a y  a l so  be appl ied  to the i n t e r n a l  p r o b l e m  (flow in 
channe l s ) .  In th is  ca se ,  however ,  d i f f i cu l t i e s  a r i s e  
f r o m  the need to ca l cu l a t e  the i n t e r a c t i o n  be tween the 
boundary  l a y e r  and the e x t e r n a l  f low. The i n t e r a c t i o n  
i s  u sua l l y  ca l cu l a t ed  by the method of s u c c e s s i v e  ap -  
p r o x i m a t i o n s  [1, 2]. Seve ra l  i t e r a t i o n s  may  be n e c e s -  
s a r y  in a n u m b e r  of  p r o b l e m s ,  in o r d e r  to obta in  the 
r e q u i s i t e  a c c u r a c y ,  o r  i t  m a y  even be n e c e s s a r y  to 
app ly  the method not to the  channel  a s  a whole,  but 
to i t s  s e p a r a t e  p a r t s .  This  app l i e s  p a r t i c u l a r l y  to the  
des ign  of d i f fu so r s  [2]. 

In the p r e s e n t  p a p e r  the p r o b l e m  of flow of a l iquid 
in a channel  i s  so lved  with a l lowance  for  i n t e r a c t i o n  
by  reduc ing  the c h a r a c t e r i s t i c  s y s t e m  of equat ions  to 
a s ingle  i n t e g r o - d i f f e r e n t i a l  equat ion .  F o r  channe l s  
with s t r a i g h t  g e n e r a t o r s  the  equat ion obta ined  has  been  
so lved  n u m e r i c a l l y  on an e l e c t r o n i c  c o m p u t e r .  Com-  
p a r i s o n  of the  r e s u l t s  of  the  ca l cu l a t i on  with da ta  ob-  
ta ined  without  a l lowance  for  i n t e r a c t i o n  p e r m i t s  an a s -  
s e s s m e n t  of the back  effect  of the  bounda ry  l a y e r  on 
the e x t e r n a l  f low. Re la t i ons  have been  e s t a b l i s h e d  for  
the  point  of s e p a r a t i o n  and the point  at  which bounda ry  
l a y e r s  on oppos i t e  s i d e s  m e r g e .  We have c o n s t r u c t e d  
a s i m p l e  a p p r o x i m a t e  method  of c a l cu l a t i ng  the bound-  
a r y  l a y e r  with a l l owance  fo r  i n t e r a c t i o n  in a p lane  o r  
a x i s y m m e t r i c  channe l  of  a r b i t r a r y  shape .  The p r o b -  
l em for  a t u r b u l e n t  bounda ry  l a y e r  m a y  be so lved  s i m -  
i l a r l y .  

Let  us examine  the f low in a p lane  s y m m e t r i c  chan -  
ne l  of a r b i t r a r y  shape  in the c a s e  when the bounda ry  
l a y e r s  do not m e e t  a t  the  e n t r a n c e .  In w r i t i n g  the 
bounda ry  l a y e r  equa t ions ,  i t  i s  usua l  to t ake  the  long i -  
tud ina l  c o o r d i n a t e  a long the wal l ,  and the t r a n s v e r s e  
one in a d i r e c t i o n  p e r p e n d i c u l a r  to i t  ( coo rd ina t e s  x ' ,  
y ' ) .  F o r  the  i n t e r n a l  p r o b l e m  i t  i s  m o r e  convenien t ,  
however ,  to have  a c o o r d i n a t e  s y s t e m  x, y in which 
the x ax i s  c o i n c i d e s  with the  ax i s  of s y m m e t r y .  It is  
e a s i l y  v e r i f i e d  that  a t  the  wal l  s lope  a n g l e s  u s u a l l y  
encoun te red ,  the  equa t ions  w r i t t e n  in the  two s y s t e m s  
p r a c t i c a l l y  co inc ide ,  and the  p r e s s u r e  change  a long  
the  y ax i s  m a y  be  neg l ec t ed ,  i f  we c o n s i d e r ,  a s  i s  
usua l ,  tha t  the  p r e s s u r e  a long  the y '  ax i s  in the  bound-  
a r y  l a y e r  i s  cons t an t  ( ap / ay ,  = 0). In fac t ,  c o n s i d e r i n g ,  
for  s i m p l i c i t y ,  a channel  with a s t r a i g h t  wa l l  (F ig .  1) 
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Fig .  1. Dependence  of the d i m e n s i o n l e s s  c o o r d i -  
na tes  of  the  s e p a r a t i o n  poin t  Use p and of  the  m e e t -  
ing point  of the  bounda ry  l a y e r s  ~ = 1/-x/h;qRe on the 
n u m b e r  K = Retg (~j2): 1) s e p a r a t i o n  reg ion ;  2) and 
3) r e g i o n s  w h e r e  the  b o u n d a r y  l a y e r s  have and 

have  not m e r g e d .  

If  we f u r t h e r  a s s u m e  that  

- • x  ~ (p U~/h) tg O 
2 ' 

then  fo r  the  p r e s s u r e  change  in the  y d i r e c t i on ,  with 
bounda ry  l a y e r  t h i c k n e s s  5, we obta in  the  fol lowing 

e s t i m a t e :  

Ap 5 0 
..u' :Vtg T' 

Even when 5 /h  = 1 and the d i f fusor  angle  | = 20 ~ th is  
quan t i ty  i s  equal  to 3%. It m a y  s i m i l a r l y  be v e r i f i e d  
that  the  m o m e n t u m  equat ion  w r i t t e n  in x, y c o o r d i n a t e s  
c o i n c i d e s  with i t s  usua l  f o rm  c o r r e c t  to cos  (0 /2 ) .  

Then to c a l c u l a t e  the  bounda ry  l a y e r  we have the 
fo l lowing s y s t e m  of  equa t ions :  

- -  V ~  1: w 

d6**ax + ~ (25** +6* )  = T - - ' ,  U'- (1) 

Q = u (h - -  5').  (2) 

If  s o m e  o n e - p a r a m e t e r  method  i s  u sed ,  the  m o -  
m e n t u m  equa t ion  (1) can  be l i n e a r i z e d  and i t s  so lu -  

t ion r e p r e s e n t e d  in the  f o r m  [3] 
\ 

( < '  ' 
=82" + t u'-,a,, (a) 

i* 
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Fig.  2. Dependence of ~* on q~ = x / h  H Re  and K: 1) sep-  
ara t ion;  2) meet ing;  3) no meet ing;  broken l ines- -va lues  

of  K. 

where  a and b a re  constants ,  and subscr ip t  H r e f e r s  
to the en t rance  sect ion of  the channel .  The sys t em of 
Eqs.  (2) and (3) contains th ree  unknowns: U, 6", and 
6"*.  It is n e c e s s a r y  to use  the dependence of the quan-  
t i ty  H = 5*/6** on some shape fac to r  as the mi s s ing  
equation.  The mos t  convenient  shape f ac to r  p roved  to 
be tha t  de te rmined  by the d i sp lacement  th ickness  5", 

g = U' 5"2/v. (4) 

Calculat ions c a r r i e d  out f o r  four  different  se ts  of 
boundary  l aye r  ve loc i ty  prof i les  (profi les obtained 
f r o m  exact  solutions for  l inea r  and power - l aw ve loc -  
ity dis t r ibut ions  in the external  flow, and prof i les  r e p -  
resen ted  by a polynomial  of fourth degree  and by the 
polynomial  p roposed  in [4]) show that the dependence 
of H2(g) may  be approximated  with sufficient a c c u r a c y  
by the s t ra ight  line 

H~---Cl"C~g (c1.~0,149; c.z=0,07). (5) 

Using equal i t ies  (2), (4), and (5), and in t roducing 
the new var iab les  

z = Q / h . 5 '  =~ (1 --~'), ,~ =~/Re, (6) 

we obtain, a f t e r  t r ans fo rma t ion ,  in place of (3) the 
following in tegro-d i f fe ren t ia l  equation: 

c f (~ - z) ~ --c~ ~ (~- -  z)* - 

- -**2 

OH . Zb+2__aZb+2 S z l - - b d ( p = O ,  

(1 - 8~,1 ~ 
o 

(7) 

which mus t  be solved under  the boundary  condit ion 

q~ .0, z ~  1 - -6n .  

Fo r  a given channel  shape h = h(x) and en t rance  con-  
dit ions (6H; ~ * ) ,  Eq. (7) de t e rmines  the quanti ty z, 
and t he r e fo re  ~*. 

Values of the cons tan t s  a and b in (7) a r e  d e t e r -  
mined by the se lec ted  o n e - p a r a m e t e r  method of ca l -  
culat ing the boundary  l aye r .  The choice  of  method,  

genera l ly  speaking, cannot be v e r y  important ,  s ince 
i t  is known [3] that different  o n e - p a r a m e t e r  methods 
give quite c lose  resu l t s ,  except in the region c lose  to 
separa t ion .  Never the less ,  to inc rease  the re l iabi l i ty  
of the calculat ions in this region too, p re fe rence  
should be given to a method based on the set  of  p r o -  
f i les obtained for  some pa r t i cu la r  p rob lem close  to 
that  cons idered .  Fo r  this  reason,  we shall  use the 
method which employs  the set  of prof i les  in a flow 
with a l inear  veloci ty  law in the external  s t r eam.  This 
flow may  be r ega rded  as a fiow in some channel [5]. 
Accordingly ,  it has been a s sumed  [6] that  a = 0 .44;  
b = 6 .  

Let us examine the case  when the channel gene ra -  
t o r s  a re  s t ra igh t  l ines and f o r m  an angle | Then 

where  

h =  l + K q e ,  

0 
K = R e t g - -  , (8) 

2 

and K > 0 co r r e sponds  to an expanding, K < 0 to a 
con t rac t ing  channel .  If  the prof i le  at  the channel  en-  
t r ance  is un i form (6~ =-6~ = 0), the th i rd  t e r m  in (7) 
vanishes ,  and (7) a s s u m e s  the f o r m  

0,149z2 (1 + Kq~--z) 2 -  

qo 

j 'dqD d__~z ( I +  K e p - - z p - - O , 4 4 z  s - 7  = O. - -  0.07 d q~ 
o 

(9) 

In this s imples t  case  z p roves  to depend only on the 
single p a r a m e t e r  K and may  convenient ly  be tabulated.  
Equation (9) was  in tegra ted  numer i ca l l y  on a compu-  
t e r .  * To p e r f o r m  the ca lcula t ions  it was  convenient  
to go o v e r  to the new var iab le  

o :: ] , /~  = ] ; : . \ /hn Re (10) 

*The ca lcu la t ions  were  made  by my junior  scient if ic  
a ssoc ia te ,  O. D. Lipovetska.  
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and to rep lace  (9) by the sys t em 

- I  0.1693(1  :-  K o  ~" - - z ) ~ - - ~ z " - ( , ~  , o 
�9 - ~,~ = - -  ,(Ii) 

0.03976 ( 1 -:- K o ~" - -  z) ~ z ~ 

where  the p r i m e s  denote d i f ferent ia t ion  with r e spec t  
to a, and the in tegra l  appear ing  in (9) is  denoted by c0. 
The boundary  condit ion then takes the form a = 0, z = 
= 1, co = 0. At the point (r = 0 the f i r s t  equal i ty  in (11) 
does not p e r m i t  de t e rmina t ion  of the value of z, and 
the re fo re  a n u m e r i c a l  ca lcu la t ion  is  poss ib le  only 
f rom a ce r t a i n  ai > 0 on. Near  ~r = 0 the solut ion of 
(9) may be r e p r e s e n t e d  by the s e r i e s  

z -: 1 -- 1.7185o ~-(4.962 + K)o~- : - 

-- (28 327 -+ 4.199K)0 ~ +(246.86 + 3 7 . 7 8 5 K )  0 ~ 

- -  (3279.6 + 326.93/( + 8.432K ~) o s § .... (12) 

The ca lcu la t ion  was pe r fo rmed  e i the r  up to the sep-  
a ra t ion  point,  o r  to the mee t ing  point  of the boundary  
l a y e r s .  Then the s epa ra t ion  point  was de te rmined  by 
the separa t ion  value of the shape fac tor  (4), g = 1.232, 
and the mee t ing  point  of the boundary  l aye r s  by the 
d i m e n s i o n l e s s  value of the boundary  l aye r  th i ckness  
5 /h  = 1. To find the l a t t e r  we used the re l a t ion  

ord ina tes  of the meet ing  and separa t ion  points :  

, ,4 / <13> 1,, -- ( 1 -:- O.OlRetg ~ - -  16 < Retg -}- < 

h---~- --  / ~ - 4  Re tg -ff > 14 , (14) 

where  I 0 is the coordinate  of the mee t ing  point for a 
plane tube~ 
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found with the help of the set  of prof i les  co r r e spond ing  
to a power- law veloci ty  d i s t r ibu t ion  in the ex te rna l  
flow o 
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Fig.  3. Graph for  d e t e r m i n i n g  ~* '  ( 1 - 3 - - s e e  Fig.  2; 
b roken  l i n e s - - v a l u e s  of K). 

It can  be seen  f rom Fig.  1 that  the boundary  l a y e r s  
mee t  when K < 14. Calcu la t ion  shows that  in  channe l s  
with K < - 1 6 ,  the boundary  l a y e r s  m e r g e  c lose  to the 
point  where  the wal ls  of the convergen t  channel  con-  
verge ,  so that in p r ac t i c e  it  may  be a s s u m e d  that in 
these  channels  the l a y e r s  do not mee t .  When K > 14, 
s epa ra t ion  of the boundary  l a y e r  occu r s  before  the 
l a y e r s  have come toge the r .  All th ree  r eg ions  a r e  in -  
dicated in  Fig .  1, the curve  in the reg ion  K < - 1 6  giv-  
ing the dependence of the coord ina te  of the point  at 
which the wal ls  of the conve rgen t  channel  come to-  
ge ther  on K. Approx ima t ing  to the c u r v e s  given in  
Fig .  1, we obtain the following fo rmu la s  for  the co-  

Fig.  4. Back act ion of boundary  l a ye r  in  
va r ious  channe l s  ( 1 - 3 - s e e  Fig.  2; b roken  

l i n e s - v a l u e s  of r  

F i gu r e s  2 and 3 show the r e s u l t s  of ca lcu la t ions  
of the d i sp l acemen t  th i ckness  -5" = 6*/h and the de-  
r iva t ive  -5*" = d-6"/dc~. Using these  data, it  is not dif-  
f icult  to de t e r mi ne  al l  the r equ i r ed  p r o p e r t i e s  of the  
flow in  the channel .  The d i m e n s i o n l e s s  s ta t ic  p r o s -  

p U S  su re  p = p - -  PH ~ at any sec t ion  of the channel  

may  be computed f rom the fo rmula  

~ =  1 -  1/h ( 1 - ~ / 2  

The value of the d i m e n s i o n l e s s  p r e s s u r e  p at the end 
of the channel  d e t e r m i n e s  the r e c o v e r y  p r e s s u r e  co-  
eff icient  ~, and the re fo re  the value of the total  loss  
coeff ic ient  ( including outlet  ve loc i ty  los ses )  

G = 1 - - 4 .  

The loss  coeff ic ient  ins ide  the channel  may  be ca l -  
culated f r o m  the f o r m u l a  [1] 

= ~**~/,z~ (I - -  ~ ) 3  0 5 )  

The value  of ~*** in  th is  equal i ty  may be found with 
the aid of the r e l a t ion  [7] 

6 /6 = (L6- -O .  17g. 

The shape fac tor  g is  then given by the equal i ty  

~= ~(1 --?T- (16) 

The ca lcu la ted  d i m e n s i o n l e s s  s ta t ic  p r e s s u r e  Psep 
at the s epa ra t i on  point  is  as follows: 



178 INZ HE NERNO- FIZIC HE SKII ZHURNAL 

K ~ Re tg -~- 

Psep 

0.30 

14 

0,29 

75 100 

0.31 0 3 0  

20 I 30" 
0.29 0.29 

200 [ 300 

0,29 ] 0.29 

40 

0.30 

It can be seen from these data that Psep is prac-  
tically constant and does not depend on the Re num- 
ber, nor on the divergence angle | of the diffusor. 
This fact can evidently be used for an experimental 
determination of the separation point. It is seen from 
the table that for the laminar fiow case examined 

Psep= 0.3. 

Figure 4 compares  calculations made with and with- 
out allowance for the back action of the boundary layer.  
Here 60" denotes the value of 5* found without allow- 
ance for the back action of the boundary layer, under 
the common assumption that H does not depend on the 
pressure  gradient. It can be seen from Fig. 4 that the 
back action is very  different in the different flows. In 
certain cases  failure to allow for  the back action may 
lead to a value of 6* that is considerably too high (a 
factor  of three), while in other cases (I4 < 0) the back 
action proves to be comparatively insignificant. It 
grows with distance from the entrance section and is 
greatest  for channels with 0 < K < 30. 

Let us now examine the general case when the chan- 
nel generators  are  curved. It is then necessary,  gen- 
eral ly speaking, to integrate (7) numerically.  It is 
possible, however, on the basis of the graphs present-  
ed above, to construct  a simple approximate method 
of calculation, if we make the usual assumption on 
which the one-paramete r  methods are  based. Accord-  
ing to this assumption, we assume that over length dx 
in an a rb i t r a ry  channel, the boundary layer  develops 
in the same way as on some section of a channel with 
straight generators,  provided that one of the charac-  
ter is t ic  dimensionless boundary layer  thicknesses 
(e .g. ,  ~*) and the quantity K = Re tg (| have iden- 
tical values for  both sections. This assumption, with 
the aid of the graph of Fig. 2, allows us to determine 
approximately the value of ~* at any section of a chan- 
nel of a rb i t ra ry  shape. For  this purpose we divide the 
channel into small segments within which the angle 
O (and thus K) may be considered constant. Knowing 
the values ~1" and K 1 at the beginning of the f i rs t  seg- 
ment, we can find the corresponding point 1 on the 
graph (Fig. 2). By moving a distance Aqh (dimension- 
less length of the f i rs t  segment) along the curve K = 
= const through the point 1, we find the value ~ *  at 
the s tar t  of the next segment. Moving fur ther  along 
the horizontal to the curve K = const, corresponding 
to K2, we find the point 2 corresponding to the s tar t  
of the second segment.  Moving along the curve K = 
= const a distance Ago2, we find the value of ~3" at the 
s tar t  of the third segment, and so on. The value of 
the shape factor  at any section of the channel may be 
determined from the formula, analogous to (16), 

g 2a (1 --6") 2 

the value ~*~ being determined with the aid of Fig. 3 
from the known ~* and K. Knowing 6" and g, it is easy 
to determine the separation point, the meeting point 
of the layers,  and all the other necessary  quantities. 

The results  obtained may also be used to calculate 
axisymmetric  channels. If, as is usual, we neglect 
the influence of t ransverse  channel curvature, the 
system of equations for this case may be written in 
the form 

dA**_~ 1 dU A ' * ( 2 + H ) = 2 R  "~__~w , (17) 
dx U dx 9 U2 

n U  
Q = T (m --  A*), (18) 

where 

R R 

A** ---- 2 t - -  rdr; A** = 2 

0 0 

l - -U)u  rdr. 

By introducing variables s imilar  to those of Stepanov 

[81 

x 

XP 1 = 4  .I" R~(t)dt' gP l = r : '  h = R ~ '  Qpl=2Q/~ '  (19) 
0 

the case under examination reduces to the plane one, 
and the system (17), (18) to (1), (2), while 

- - *  * - - * *  * *  2 6pt=A/R% 6pl=A / R ,  ~ = ~ p l R .  

If the channel profile is given in the form R = R(x), 
then, aider computing Xpl, h, gapl and 

K =  Qpl tg Opl _ Q 1 tg 0_0, 
v 2 nv R 2 

we perform the calculation for  the equivalent plane 
channel, by dividing it into segments with constant 
values of K. The values found for  the character is t ic  
dimensionless thicknesses 5nl at any section of the 
plane channel with coordinate ~pl are  numerical ly 
equal to the corresponding values of dimensionless 
a reas  A/R ~ in the axisymmetr ic  channel at the sec-  
tion with coordinate x, which is related to Xpl by the 
f i rs t  of equations (19). 

NOTATION 

x, y, x ' ,  y '  are the coordinates (Fig. 1); | is the 
angle between channel walls; p is the pressure ;  p is 
the density; U is the flow velocity in potential core;  
h is the half-height of channel; h = h /h  H is the dimen- 
sionless channel height; R, r are the outside and var i -  
able radii of channel section; Q is the half -mass  flow- 
rate of liquid; 5 is the boundary layer  thickness; 5* 
is the displacement thickness; 5"* is the momentum 
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t h i c k n e s s ;  5*** is  the  e n e r g y  t h i c k n e s s ;  5 "  5 * / h ,  
5 " *  = 5 * * / h  a r e  the  d i m e n s i o n l e s s  d i s p l a c e m e n t  and  
m o m e n t u m  t h i c k n e s s e s ;  p = p - pH/PU~i  i s  the  d i m e n -  
s i o n i e s s  s t a t i c  p r e s s u r e ;  A* i s  the  d i s p l a c e m e n t  a r e a ;  
4** is  the  m o m e n t u m  a r e a ;  A*** i s  the  e n e r g y  a r e a ;  
7 w i s  the  f r i c t i o n  s t r e s s  at  w a l l ;  v i s  t he  k i n e m a t i c  
v i s c o s i t y ;  Re  = Q / ~  i s  t he  R e y n o l d s  n u m b e r ;  n i s  the  
c h a n n e l  e x p a n s i o n  r a t i o .  
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